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1 Introduction

Certainapplicationsof artificial neural networks require more powerful computational
mechanismshanthe standardinear thresholdunit. In addition,the responseproperties
of biological neurongdisplaynonlinearitieshence higherorderunits arealsorequiredto
modelsuchcells. For example:

¢ Toform atopologicalmapof egocentricspacgto guidereachingmovementsyor a
robotwith movable‘eyes’and‘neck’ anodewithin the mapwould needto respond,
exclusively, to all combinationf gazedirectionandneckrotationwhich bring fix-
ationto the samepointin space.Cellsin the parietalareaof the neocorte respond
to a preferredretinal locationbut are modulated multiplicatively, by eye andhead
position[1].

¢ To form aninvariantrepresentatiofe.g. of anobjectundervisualtransformations)
requiresthat setsof input patternsbe associatedogethemwhile beingdistinguished
from other, possiblyoverlapping,patterns.Cellsin the inferotemporakreaof the
neocorte areselectve to the form of visual stimulusbut insensitve to locationand
scaleof theimage[2].

Thereis evidenceto suggesthatinformationprocessingakesplacein the dendritic
treesof biologicalneurongseg[3] for areview). Local thresholdingof the summednput
from clustersof excitatory synapsesvithin the dendritictree could accountfor the multi-
plicative responsesf cells[4, 5]. A singlesuchunit is thusaspowerful asa multilayer
network of linearthresholdunits,andthe outputsof marny nonlinearunitscanbecombined
togetherto actasalarger, ‘virtual’, nonlinearunit [5].

1.1 Sigma-Pi Units

The principalmodelof a nonlinearneuronis the sigma-piunit (figure 1(a)), in which the
outputactiation(y) is calculatedastheweightedsumof the productsof independensets,
or clustersof inputvalues(zy) [6, 5]:

M
y= E q; H Tk
j=1 kecluster;

Hebbianlearning, betweenthe clusters productandthe unit’s (required)output, can be
usedto find appropriatevaluesfor the synapticweights(q) [5, 7]. Theinputswhich form
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Figurel: Modédls of nonlinear neurons. (a) A sigma-pineuron.(b) A clusteronneuron.
(c) Theproposednodel.

aclusterneedto be predefinedeitherall clustersaredefinedto bethe samesize,in which
caseall combinationf m inputsareused(thisis unsatiséctoryasthe appropriatecluster
sizemaynotbeknown before-handnor mayall therequiredclustersbe of the samesize);
alternatvely all combination®f < m inputsareused(whichis computationallyinhibitive,
dueto thenumberof clustersrequired f thenumberof inputsor themaximumclustersize
is large). Evenusingthe moretractablefirst approactthe numberof parametersequired
caneasilybe unreasonabljarge (e.g. for a nodeto representll clustersof size5 from a
total of 50 inputswould requireover 2.1 x 10% synapses)Noiseis alsoa problemdueto
theinput valuesbeingmultiplied togethey sothatnoisein a singleinput valuewill affect
theactivationof theentirecluster

To overcometheseproblemsindividual clusterscanbe representeds ‘product units’
which canlearn arbitrary polynomial functionsvia gradientdescent8]. Each product
unit, thus,learnswhich inputsarerelevantto the clusterit representsHowever, it is then
necessaryo usea multilayernetwork of bothsummingandproductunitsaswell asusing
supervisedearning,andnoiseremainsaproblem.

1.2 Clusteron Units

Theclusteror(figure1(b))is amorebiologicallyinspiredattempto modeldendriticcluster
sensitvity [9, 3]. Theoutputof aunitis calculatedas:

M j+m
y=> laz; Y, aw
j=1 k=j—m

The contribution of a synapsej is thusaffectedby the activity of neighbouringsynapses
(within radiusm of j) on the one-dimensionadlendrite.A ‘cluster’ is thusdefineddiffer-
ently in this case.In contrastto sigma-piunits, whereeachsetof inputshave a synaptic
weight, in the clusteroneachinput hasa synapticweightandtheterm‘cluster’ is usedto
referto thoseinputswhich canaffect the activationreceved by a particularsynapse All
clustersareof a constantpredefinedsizeandhencesuffer from the sameproblemsasa
sigma-piunit with the samerestriction(seeabove), with the additionalproblemthatfalse
clustersareformed(e.g. in figure 1(b), having clusteredsynapsed and6 andsynapse$
and2, synapsed and2 will alsobein a cluster whetheror notthisis justifiedby theinput
data).Noisein oneinputwill affectthecontribtutionsof all theothersynapse thecluster
sothattheeffect of noiseis almostasstrongasin a sigma-piunit. Moreover, becaus¢here
is noway of isolatinga clusterfrom theactivationsof othersynapses theneighbourhood
thereis crosstalkandthe clusteronis inherentlymuchmorenoisy The effect of neigh-
bouring synapses$s not conjunctive, andrestrictingthe dendriteto one-dimensiorimits
thenumberof clustersany onesynapseanparticipaten.

Clusteringis determinedby the orderingof the synapseslongthe dendrite,andis
formedby randomlyswappingthepositionsof thosesynapsethathave beenleastinvolved
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in firing theunit; thisis little betterthanrandomsearch Theapparenhugereductionin the
numberof parameteré comparisorio a sigma-piunit (e.g. anodewith 50 inputsrequires
just50 synapsesis dueto the clusteringof the inputsnot beingexplicitly representednd
is paidfor in thesearchime requiredbeforeclustersareformed. Theprobabilityof finding
thecorrectclustershecomesmallvery rapidly with problemsize(e.g. the probabilitythat
within arny randomorderingof 50 synapses specificclusterof 5 inputsis presents less
than2.2 x 1075).

2 Implementation

The drawvbacksof the sigma-piunit, discussedabove, are all practicalissues. It is too
computationallyexpensve to implementa unit with all possibleclusters,while usinga
moretractablesubsetof clustersrequiresa priori knowledgeand presumeslusterswill
be of the samesize. (Sincethe clusteronwas designedo explore the effects of cluster
sensitvity in modelsof the dendritictreesof biologicalneuronst doesnot considerthese
practicalissues,and suffers from similar limitations.) A solutionwould be to learnthe
clustering,assuminghat the learningprocedureatself wastractable. A minimum set of
clusterscouldthenbefoundandthesizeof eachclustercouldbeindependent.

We introducea model of dendriticcomputationwhich learnsclustering(figure 1(c)).
In thismodelary synapsék) mayform, partof, a clusterwith ary othersynaps€j). The
degreeto which botharein thesameclusteris designatedby c;;, (the‘clusterweight’). The
definition of ‘cluster’ usedhereis similar to thatusedin the clusteron;eachinput hasan
individual synapticweightandotherinputsin the clustercanaffectthe activationreceved
by that synapse. The definition differsin that the setof inputswhich form a clusteris
determinedby the strengthof the clusterweightsratherthan by neighbourhood.For an
individual synapsey, all otherinputs, &, which canaffect the activation at synapse are
its cluster thesewill beinputsfor which the clusterweightc;, > « (seebelov, wherex
is a constanthreshold). The clusterweightsdefineglobal pairwiseinteractionsbetween
synapseshowever the input at synapsej canbe affectedby all otherinputsfor which
¢jr > Kk sothattheclustercanbeary size.

No a priori assumptionsre madeaboutthe requiredclusteringand so all cluster
weightsareinitially zero(c;; = 0 Vj, k). In this conditionit is necessaryhatthe nodeact
asa standardinearneuron.As clustersarelearntthereshouldbe a transitionto nonlinear
behaiourwith thedegreeof nonlinearityincreasingn proportionto theclusterweight(i.e.
asc;,, increaseshe confidencahatsynapsek is partof a clusterwith synapsg increases
andthevalueof z;, shouldhave increasingeffectontheinputatsynapse). An activation
functionwhich satisfiegheserequirementss:

? " ?

M
_ . (T1+K T2+ K Zj1t+K Tit1 + K M+ K
y—E gjmin ‘ ' . — y Zj — g ' .
¢j1 Cj2 Cji—-1 Cj.+1 Cim

Jj=1

Suchanodewill actasalinearunituntil c;;, > « for someconnectionOncethis condition
hasbeenreachedhe input to synapsej canbe reducedby low actvity in x; or ‘turned
off’ if input z;, is inactive. In all othersituationsthe activation of the nodeis simply the
weightedsumof theinputvalues.

In theworsecase(whenc;, = 1 Vk € cluster;) the effect of noiseis asbadasfor a
sigma-piunit. However, theclusterweightsaregenerallysmall,sothatonly muchreduced
valuesof z;, will affecttheactivationof synapse. Thusinputnoiseonary onesourcewill
only affectthe activationat thatsynapseandnot the actvationrecevedby othersynapses
in the clusterresultingin muchsmallereffect on the outputactivation.

While it would appeathattherearea large numberof clusterweightsto belearntthe
numberof parametersequiredis muchlessthanfor a sigma-piunit (e.g. with 50 inputsa
noderequiress0 synapseplus 2450clusterweights)with the addedbenefitthatthereare
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norestrictionson clustersize.However, becauseachsynapséasonly oneclusterweight
vector, it canonly participatein a single cluster To represenpatternsthat requirean
inputto participatein multiple clustersa ‘virtual’ unit consistingof multiple, competing,
nodescanbeused.Theindividual nodeswithin avirtual unit useunsupervisedompetitve
learningto divide the problembetweerthem.

Theexplicit representatioof clustersallows themto beformedwithout search.Since
inputslikely to bepartof thesameclusterwill befrequentlycoactvetheclusteringweights
(¢) andthe synapticweights(gq) arelearntsimultaneouslyboth setsof weightshave zero
strengthinitially):

Ag; = B lr(y)Qlr(z;)
Acji = ' lr(y)Qlr(z;)Qlr(zy).

Synapticweight changeis a function of the pre- and post-synaptiactvity at that syn-
apse Clusterweightchangds afunctionof the post-synapti@actiity andthepre-synaptic

actwvity atbothsynapsesonnectedy thatclusterweight. ir(v) = X(i:l*)” , thisis qualit-

atively similarto Ir(v) = (v — ©), whered is theaverageof the pastactvity of v. Hence,
this learningrule is a variantof the covariancerule but constrainecdhot to allow positive
weightincreasesvhenbothpre-andpost-synapti@ctivities arebelow threshold ® is mul-

tiplication wheneitheror bothtermsare positve andgiveszerootherwise).For synaptic
weightchangeghevalueof (% — 1) is constrainedo be positive, whilefor clusterweight
learningit canbe eitherpositive or negative. Hence clusterweightscandecreaseaswell

asincreasaesultingin the formationof clusterweightsbeingmoreconsenrative thanthe
formation of synapticweights. In addition, ¢ for ary synapsewhich haszero synaptic
weight(i.e. g; = 0) is resetsothatc;, = 0 Vk. Thus,clusterweightsaresmallerthan
synapticweightsand only inputswhich form strongsynapticweightscanform clusters
with otherinputs. This preventsfalseclustersbeingfound andallows the nodeto realign
its receptiefield if theinputdistribution changes.

3 Reaults

As asimpleexample(appliedto a continuousrealvalued,input distribution) considerthe
problemof learningto represenfusingonenode)pointsalongthe leadingdiagonalof the
unit squareof the 2-dimensionablane. Eachof the two coordinatesof the input space
wererepresentedby a populationcodedarray providing inputsto the node(figure 2(a)).
Within eachof thesearraysthe coordinateof a datapoint wasrepresentety a Gaussian
actuity distribution centredon the coordinatevalue. Training dataconsistedf uniformly
distributedrandomlyselectegointsalongthe diagonal.Sincethis training dataspanghe
entire rangeof eachcoordinateall synapticweightsbecomeequally strong,and hence,
without usingary dendritic interaction(by keepingc;r, = 0 Vj, k) the noderesponds,
after training, equallyto ary point within the unit square(figure 2(b)). However, when
the learningof clusterweightsis allowedthey areformedbetweensynapsesepresenting
correspondingoordinatevalues(figure 2(d)). Hence,a nodeusingdendriticinteraction
responddo testdataalongthe leadingdiagonalonly (figure 2(c)). Similar resultscanbe
generatedor learningto representrbitrary curves. Figure 3(a) shawvs the responsef a
nodetrainedto representhe circumferencef aquadranbf acircle. To representheentire
circumferenceof a circle would requirea synapseaepresenting particularx-coordinate
(or y-coordinate)}to form clusterswith inputsrepresentingwo distinct y-coordinate(x-
coordinate)values. As mentionedabove, since eachsynapsehasonly a single cluster
weightvectorit canonly take partin asinglecluster but the outputof multiple, competing,
nodescanactasalargervirtual unit. Figures3(b) and3(c) shav theresponsef two nodes
which competdo representhecircumferencef acircle. It canbeseenthateachnodehas
cometo representiagonallyoppositequadrantf the circle, whereeachsynapseneed
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only take partin asinglecluster The sumof thesetwo responsesepresentshe response
of avirtual unit composeaf thesetwo nodesandis shawvn in figure 3(d).

(@) (b) (d)

Figure2: Learning to represent points along the leading diagonal of a 2-dimensional
input space. (a) Trainingdataconsistef two populationcodednputarraysrepresenting
x- andy-coordinateson the 2d plane. This datawas suppliedto the nodesuchthatthe
first 80 synapseseceved the populationcodedrepresentatiomf the x-coordinate,and
the second80 synapseseceied the y-coordinatevalue. Input activationsrepresenting
two pointsalongthe diagonalare shovn (eachin a differentline style). (b) and(c) The
responsef the nodeafter training. The strengthof the responseof the nodewhich is
causedyy input datarepresentingpointsacrossthe unit squarejs shown for (b) alinear
node,and, (c) a nonlinearnode. (d) The clusterweightsthat have beenlearntfor four
synapsegclusterweightsfor eachsynapserein a differentline style). Thehorizontalline
shavsthethreshold(x).

(b) @

Figure3: Learning to represent points along a curved line of a 2-dimensional input

space. Eachfigure shows the responsenf a nonlinearnodeatfter training. The strength
of the responsef the nodewhich is causeddy input datarepresentingointsacrossthe
unit squares shavn. (a) For a singlenodetrainedwith dataalongthe circumferencef a
guadranof a circle of radius1 andcentreat the origin. (b) and(c) The responsef two,

competingnodestrainedwith dataalongthecircumferencef acircle. (d) Thesumof the
responsem (b) and(c) representingherespons®f thevirtual nonlinearunit composeaf

thesetwo nodes.

As a secondexample(appliedto a discontinuousbinaryvalued,input spacexonsider
the problemof trying to distinguish(using a single layer of two nodes)horizontaland
verticallineson an8 by 8 grid. Learningis unsupervisedavith the two nodescompeting
to represeninputs. Sincethereis no overlap betweenlines of the sameorientationan
extra constraintis requiredto causethemto be classifiedtogether One suchconstraint
is to increasethe probability that contiguousinputs are of the sameorientation(figure
4(a)), andto usea learningrule that biases(‘sensitises’)the previously active nodeto
remainactive. Although a similar methodhaspreviously beenproposedasa mechanism
for learninginvarianceto inputtranslationg10] it wasusedwith (two layersof) linearunits
in which caseit is only possibleto learninvariancesf thereis no overlapbetweerpatterns
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Figure4: Learning to represent horizontal and vertical lines. Two nodesreceie input
from an 8 by 8 array of binary inputs. (a) Training dataconsistsof one only of the 16
possiblehorizontalor vertical lines beingactive at ary onetime with shortsequencesf
lines at the sameorientation(a new, random,orientationis chosenwith probability 0.25
at eachiteration). The strengthsof the synapticweightsconnectinggrid pointsto each
nodeareillustratedby squaregroportionalin sizeto the weight. Similarly, the strength
of the(mean)activationof eachnodeon presentatiomf eachinput patternis illustratedby
squaregroportionalin sizeto this activation. For (b) linear nodeswith sensitisation(c)
nonlineamodeswithout sensitisationand,(d) nonlineamodeswith sensitisation.

[11] andthe nodewill incorrectly respondif the input consistsof partial patternsfrom
differenttranslationapositions. Hence,sucha method,with linear units, could not solve
the horizontal/ierticallines problem. Instead the competitionbetweenthe nodescauses
themto divide theweightarrayarbitrarily sothateachrepresentsomehorizontalandsome
vertical lines (figure 4(b)). A similarly arbitrary division of the input spacealso occurs
whendendriticinteractionis usedout withoutsensitisatiorof the competition(figure4(c)).
Sinceboth setsof lines activateall pointsin the grid a noderepresentindnorizontallines
would have equalweightsto all inputs,anda noderepresentingertical lineswould have
a similar weightarray Thus,the weight spacealone cannot be usedto distinguishthe
line’s orientation. However, using dendriticinteractiontogetherwith sensitisatiomodes
canlearnto exclusively represengitherverticalor horizontallines(figure4(d)), bothnodes
learnsimilar weightarrays but the clusterweightsdistinguishbetweerline orientations.
Using supervisedearning(asopposedo unsupervisedearning,asusedabove) neur
onswhich learn synapticclusterscan be appliedto learningany nonlinearfunction that
othernonlineamodesor multilayernetworksof linearthresholdunitscanbeappliedto. In
casesvheremultiple unitsactasavirtual unit, supervisiorspecifieghe requiredoutputof
thevirtual unit, ratherthantheoutputsof individual nodesandthe nodeswithin thevirtual
unitcompetdasin unsupervisetearning)to divide theproblembetweerthem.A standard
problemis to detectthe parity of a binaryinput vector Sincethe synapticweightsin this
modelareconstrainecghotto benegative, it is necessaryo useanencodingf theinputvec-
tor containingeachbit andits complemen{suchan encodingwould be requiredto solve
this problemby ary otherneuralnetwork with the samerestrictionon synapticweights).
Thetwo bit parity problem(or XOR problem)canbesolvedusingasinglenonlineamode.
A linear unit, trainedin the sameway, is unableto fully solve this problem. The mean
responseaftertraining, for nodestrainedon this problemis shovn in table1. Two linear
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unitsarestill unableto solve the XOR problemswhile two nonlinearunits(actingasavir-
tual unit) producea goodsolution(table2). For parity problemsinvolving morebits each
input needsto form a part of morethanone cluster so that solutionscanonly be found
usingmultiple nodesactingasa largervirtual unit. Hence,usingoneunit, eitherlinearor
nonlinearfailsto solve the3 bit parity problem(table3, theresultsfor linearandnonlinear
nodesareidenticalasthe conflicting requirementgor the clusterweightsin the nonlinear
casecauseall clusterweightsto remainbelow ). Theresponsef two competinghodego
patternsof threebits areshowvn in table4, togethewith the summedesponseepresenting
the activationof the virtual nodeformedby thesetwo nodes.It canbe seenthata virtual
unit of two nonlinearmodeshasbegunto solve the problem,while a virtual unit of linear
unitsfails.

inputpattern| parity | respons®f onenonlinearunit | responsef onelinearunit
0 O 0 0.0 0.0134
0 1 1 0.0133 0.0133
1 0 1 0.0135 0.0135
1 1 0 0.0 0.0134

Tablel1: Learning XOR problem with one node. Thefirst two columnsgive the input
patternsThelasttwo columnggivethemeanmeanoutputresponsesf nodesaftertraining.
Thefourth columnis therespons®f anonlineamode. Thefifth columnis the responsef
alinearnode.

inputpattern| parity | responsef two nonlinearunits | respons@f two linearunits
0 O 0 0.0 0.0 0.0 0.0099 0.0083 0.0182
0 1 1 0.0 0.0224 0.0224 0.0 0.0245 0.0245
1 0 1 0.0230 0.0 0.0230 0.0242 0.0 0.0242
1 1 0 0.0 0.0 0.0 0.0089 0.0094 0.0183

Table2: Learning XOR problem with two nodes. Thefirst two columnsgive theinput
patterns.Thelastsix columnsgive the meanoutputresponsesf nodesaftertraining. The
fourth andfifth columnsaretheresponsesf two nonlineamodesandthe sixth columnis
thesummedesponsef thesewo nodes.Theserenthandeighthcolumnsaretheresponses
of two linearnodesandthe ninth columnis the summedespons®f thesetwo nodes.

inputpattern| parity | responsef onenonlinearunit | respons®f onelinearunit
0 0O 0 0.0581 0.0581
0 0 1 1 0.0588 0.0588
0 1 0 1 0.0582 0.0582
0 1 1 0 0.0583 0.0583
1 00 1 0.0584 0.0584
1 0 1 0 0.0591 0.0591
1 10 0 0.0584 0.0584
1 1 1 1 0.0587 0.0587

Table3: Learning the 3 bit parity problem with one node. Thefirst threecolumnsgive
the input patterns. The lasttwo columnsgive the meanoutputresponse®f nodesafter
training. Thefifth columnis theresponsesf a nonlineamodes.The sixth columnis the
responsesf alinearnode.
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inputpattern| parity | responsef two nonlinearunits | respons@f two linearunits
0 0 O 0 0.0019 0.0407 0.0425 0.0 0.0710 0.0710
0 0 1 1 0.0 0.0732 0.0732 0.0 0.0718 0.0718
0 1 0 1 0.0 0.0719 0.0719 0.0 0.0708 0.0708
0 1 1 0 0.0059 0.0374 0.0433 0.0040 0.0646 0.0686
1 00 1 0.0716 0.0 0.0716 0.0705 0.0 0.0705
1 0 1 0 0.0407 0.0022 0.0429 0.0709 0.0 0.0709
1 1 0 0 0.0407 0.0019 0.0425 0.0708 0.0 0.0708
1 1 1 1 0.0721 0.0 0.0721 0.0711 0.0 0.0711

Table4: Learning the 3 bit parity problem with two nodes. The first threecolumns
givetheinput patternsThelastsix columnsgive the meanoutputresponsesf nodesafter
training. The fifth and sixth columnsarethe responsesf two nonlinearnodes,andthe
saventhcolumnis the summedesponsef thesetwo nodes.The eighthandninth columns
arethe responsesf two linear nodes,and the tenth columnis the summedresponseof
thesetwo nodes.

4 Conclusions

This papersuggestghat learning clustersof inputs, for nonlineardendritic processing,
providesa solutionto someof the practicallimitations of other models. The resulting
neuronsareno morepowerful thanothermodelswith nonlinearinput functions(nor more
powerful thana multilayer network of linearthresholdunits). However, this methoddoes
have the advantageof beingmoretractablethanotherimplementation®f nonlineameur
ons. It providesunsupervisedand efficient, learning of dendritic clusters,without the
prespecificatiorof clustersize; allowing clustersto be of independenandarbitrarysize.
Falseclustersarenotformed. Inactive synapsesanblock theactiity of all othersynapses
in thecluster but otherwiseclusteringhasno effecton theactivity. This allowsthemethod
to work with populationcodedinputs,and makesit relatively insensitve to noisein the
inputvalues.

While the spatialorderingof the synapsesvithin the dendritictreemay be critical for
a biological neuron,it doesnot meanthat an artificial neuronmustalsousethe ordering
of the synapseso representlustering. Instead we have used‘weights’ to representhe
degreeof clusteringbetweensynapsesAll senseof locality is thuslost, andthis model
doesnot attemptto representocal interactionswithin a fixed dendritictree. In this sense
it is not a biologically plausiblemodel of nonlineardendritic processing.However, for
the staticorderingof the synapse®n a dendritictreeto be formedit mustbelearnt. The
clusteringweightsof this modelmight thereforebe interpretedasrepresentinghe mutual
attractionof axonsinnenatinga 3-dimensionatiendritictree.
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